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Solution of Eq. (14) is

2 t n
=t [of [lemanfafer o

which satisfies the initial condition v, = 0 for t = 0. It is seen
that, as n — oo, we obtain

v, = U(x)[1—e 1] (16)
This shows how the velocity of the dust particles differs with
the potential velocity U(x) of the fluid in the mainstream. With
the passage of time this difference diminishes and as the motion
stabilizes, v, —» U(x) as t - 0.

Taking the second approximation, Egs. (7) and (8) become

Ouy /0t = (0%u,/0y*) + (v, — ) (17)
and
(Ovy/01) + vy = uy (18)
By similarity transformation 5 = y/2(t)!'? Eq. (17) becomes
(dPuy/dn?) + 2n(duy/dn) = F(x,7,1) (19)
where

F(x,n,t) = 4t(u,—v,)

8 n
- e U(x)te™ J e~ "dy
Ngw solution of Eq. (19) is
n n
U = J e“”z{ Je"zF(x,n,t)dn} dr]—I-CIJ e "dn+C,

0 o

4

when
"I:O,ul‘—“o C2:0
Since at # = o0, u; = 0, then C; is given by the relation

Ci=- %U(x)te” re_"z{ Je"2< f“z"”>d”}"” @

. n »
LUy = j e"’z{ je"zF(x,n,t)dn}dnﬁ-Clj‘ e "dny (21)

0 0

where C, is given by relation (20).
Solution of Eq. (18) is given by

t
vy=e! J ue'dt (22)
Modifications of the velocity profiles of u and v are given by
Eqgs. (21) and (22), respectively.

Local Skin Friction
If 7(x) is the local skin friction for a dusty gas, then

Tp(x) = H(a“/5Y)y: 0

uU(x) 8fte™ [© _ T

“! = |« e (e maato

(23)

When f is small, the effect of dust particles is to increase the
effective density of the gas. The viscosity remains nearly un-
affected, though the kinematic viscosity is reduced by the factor
1(1+f). These increases in density and the reduction of
kinematic viscosity results are credited to P. G. Saffman.? If

7,(x) be the local skin friction for the corresponding clean gas
then

1,(x) = pU(x)f(mt)"? (24)

. TD(X)_ 8f |7 “n 02 ! -2
"r,,(x)‘[l‘(m”z ¢ L e He (Le d")‘i"}d"}
(25)

From Eq. (25) it is seen that if f is nonzero the ratio
[p(x)/r,(x)] < 1. Thus, the dust particles reduce the local skin
friction. This reduction diminishes as f diminishes and as ¢
increases t,(x) — 1,(x). However, all these analyses are valid (as in
Rayleigh’s case) in the initial development of the motion.
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Influence of Viscosity on the Stability
of a Cylindrical Jet

J. N. ANNO*
University of Cincinnati, Cincinnati, Ohio

IN a previous Note,! Rayleigh’s famous result? for the condi-
tions of instability of an inviscid cylindrical jet was derived
by considering an integral form of the conservation of
mechanical energy. Given in this present Note is an extension
of the integral method to an analysis of the conditions for
instability of a viscous cylindrical jet. The result obtained is
identical to that obtained by Weber? in 1931, but the derivation
is believed to be more general. Specifically,- it is not necessary
to assume a jet at rest, nor to explicitly invoke the Navier-Stokes
equations.

For a viscous fluid, an energy balance for any closed,
stationary control volume of volume ¥V and surface area S can
be written as

1 0 (1
s dS = | —pu.n;uudS —| zpu;u; 1dV
jsrljnju, Jszpujnjulu, +Lat<2pu,u,> +
J. RdV (1)
v

where R is the viscous energy dissipation, given by

R = (/2 (u j+ ;) (u; j+u;) 2
In this notation t;; is the stress tensor, u; is the velocity
component in the ith direction, n; is the projection of the outward
unit normal to the surface in the jth direction, p is the fluid
density, u is the fluid viscosity and, as conventional in tensor
notation, repeated indices indicate summation over all co-
ordinates. A comma within a subscript denotes differentiation
with respect to the coordinate following it.
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Fig. 1 Geometry of the cylindrical jet.
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Consider a cylindrical jet as sketched in Fig. 1. For purposes
of analysis, as both Rayleigh and Weber did, we consider a
particular form of perturbation from the equilibrium cylindrical
jet given by

ry=a+ua(t)ycoskz 3)
where a is the radius of the unperturbed cylinder, «(t) is a small
time-dependent disturbance amplitude, and k =2=/4 is the
wavenumber, A being the wavelength of the perturbation.
Cylindrical polar coordinatesr, 6, z are being used. For simplicity,
we assume no angular disturbance (6-dependency).

For the case R = 0, the flow is irrotational and, as derived
in the previous note,! the velocity components are

u, = a[1,(kr)/1,(ka)] cos kz 4
u, = wo— a[Io(kr)/I,(ka)] sin kz (

where w, is the velocity of the undisturbed jet and the dot
denotes a time derivative. For this case, evaluation of Eq. (1)

led to the result
) 7 N 1(71)}
&=od—n(l-n°) &)
{Pa3 Io(n)
where 7 = ka and y is the surface tension of the fluid. For

n < 1, we have exponential solutions of the form o = age®,
where

= (3/2pa®) (1 —n*? ©)
and the approximation I,(1)/1,(#) = n/2 has been used.

By inspection of the u =0 case [Eq. (4)], it is seen that u,
is only weakly dependent on r. Therefore, as an approximation,
assume u, is a function of z only. Then from the continuity
equation

Ou,/0z+(1/r)(8/0r)(ru,) =0 7)
with the conditions that u, be finite along the axis and that
(u,),—, = acoskz (8)

we have
u, = (r/a)acoskz

©

u, = wy— (2a/ka)sin kz
Now for both the inviscid and viscous free cylindrical jet

T, = — (1 + Z) = L 0 kadcoskz  (10)
re R a a

where 1/R is the curvature in the osculating plane. Further, for
the fregjet for i #j, 1;;=0 at r =g, ie. there are no surface
shears. Selecting the stationary control volume over which to
perform the integrations as the unperturbed jet; i.e., a cylinder
with radius a, we can then evaluate the terms in the integral
energy equation to be

2nm2yod
j Ty ds = =0 T2 (1- k) (11)
1
2pu1n1ulu dS=0 (12)
nn?pad
j 6_< pu; u>dV == 8 +k%*a? (13)

Jrar=[ 2 (3]

The z integration has been taken over an even number of wave-
lengths, z = 0 to 2nn/k, where n is an integer. Thus from Eqgs. (11—
14), the integral energy equation leads, after cancellation, to the
differential equation

4m* (1-n)

pk? (24497
+— Pl 2%
p \8+n pa’ (8+n%)
For n < 1, the jet is unstable and for exponentially growing
solutions e, we have from Eq. (15)

’ +(& ’ +1 Oy +
6z (r 2 (62
ou,\? nm ua 2 2
p dv = (24+k%a®  (14)
r

=0 (15)
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3uk?
w? 4 Y

M =0 (16)

2pa®
Thus the effect of viscosity is to dampen the instability. How-
ever, only in the limit of infinite viscosity is the instability
removed. It is further to be noted that since R is positive definite,
a damping will always result, regardless of the exact choice of the
velocity components. The damping coefficient 3uk?/p is exactly
the result obtained by Weber.® Note that for u =0, Eq. (16)
reduces to the Rayleigh result, Eq. (6), in the approximation
1,(m/Iy(n) = n/2. For a very viscous jet, such that (3uk*/2p)? >
(y/2pa®), the solution is

= (y/6pa)(1-n*) (17)
Longer wavelengths are thus more unstable for the viscous jet.
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Penetration of Particles Injected into a
Constant Cross Flow

GEORGE RUDINGER*
Bell Aerospace Division of Textron, Buffalo, N.Y.

Nomenclature

drag coefficient
particle diameter
F(a) = function given by Eq. (11)

>}
[

Re = Reynolds number

t = time

u = velocity in the direction of the gas flow
v = velocity across the gas flow

y = lateral distance from injection point
Y = yma = particle penetration

o« = paramcter defined by Eq. (8)

u = dynamic viscosity )

p = density

Subscripts

o = at injection point

g =gas

p = particle

st = based on Stokes drag

Introduction

N the analysis of gas-particle flow for combustion chambers
and other applications, it often becomes necessary to compute
the penetration of particles injected into a cross flow. For low
Reynolds numbers (less than about one), Stokes drag (Cp =
24/Re) can be applied. The relationship between the drag force
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